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The limiting flow parameters are determined directly behind the central shock for Mach 

numbers M >> 1 in front of the shock. A formula for the Mach number distribution over the 

jet axis is derived. 

I n t e r e s t  in unde rexpanded  s u p e r s o n i c  j e t s  has  i n c r e a s e d  dur ing  the pas t  y e a r s  owing to t he i r  i n c r e a s e d  
u t i l i z a t i o n  in a v a r i e t y  of t echnolog ica l  f i e ld s .  Lack  of exac t  ana ly t i ca l  me thods ,  which would perm' i t  c o m -  
p le te  d e t e r m i n a t i o n  of the s t r u c t u r e  of an unde rexpanded  je t ,  as wel l  as  the ex t ens ive  computa t iona l  l abo r  
involved  in  the method  of c h a r a c t e r i s t i c s  and the i n c o m p l e t e n e s s  of r e s u l t s  obta ined  by i t ,  have made  it 
n e c e s s a r y  to develop e x p e r i m e n t a l  s t u d i e s .  The au thors  of the p r e s e n t  p a p e r  have s tudied  gas  je t s  expe l led  
into a g a s - f i l l e d  space  for  the fol lowing r ange  of p a r a m e t e r s :  

M,, = 1 -- 4.85; Pa/P~ = 10-- 104; • = 1.3-- 1.67; 

To = 289 --  700 ~ a = 8 -  21~ 

The e x p e r i m e n t s  we re  p e r f o r m e d  in a l o w - p r e s s u r e  wind tunne l  in a p u l s e d  mode of ope ra t i on .  This  
made  it n e c e s s a r y  to employ  a q u i c k - r e s p o n s e  m e a s u r i n g  and p a r a m e t e r - r e c o r d i n g  s y s t e m .  P r e s s u r e  was 
m e a s u r e d  with induc t ion  and r e s i s t a n c e  p r e s s u r e  gauges ,  and t e m p e r a t u r e  with a t h e r m o c o u p l e ;  s e n s o r  
s i g n a l s  were  r e c o r d e d  with a loop o sc i l l og ra ph .  The t e s t  data we re  used  to de r ive  a r e l a t i o n  for  the d i s -  
t ance  to the c e n t r a l  shock [6] 

- -  = 3.2 - -  n ~ (1) 
d. M~+ 1 

The e x p e r i m e n t s  r e v e a l e d  the fol lowing.  

1. No dependence  of the d i s t ance  to the c e n t r a l  shock is o b s e r v e d  on ~ (within the r ange  f r o m  1.3 to 
1.67),  on the a p e r t u r e  h a l f - a n g l e  of the nozz le  (~ (for a = 8 to 21~ no r  on the gas t e m p e r a t u r e  T O (for T O 
= 289 to 7 0 0 ~ 0 .  

2. The r a t io  of the ac t ive  to p a s s i v e  p r e s s u r e  n = Pa/Pr  and the Maeh n u m b e r  M a a r e  the p r i n c i p a l  
p a r a m e t e r s  which def ine the p o s i t i o n  of the c e n t r a l  shock.  

3. The i n c r e a s e  in the ra t io  x0 /d  a with i n c r e a s i n g  P a / P o o  is  l e s s  p r o n o u n c e d  than ind ica ted  by the 
data  in [1, 9]. 

4. At M a > 3.5,  the r a t io  P a / P o o  become s  the p r i n c i p a l  p a r a m e t e r  def in ing  the pos i t ion  of the cen t r a l  
shock .  

The so lu t ion  of some ac tua l  p r o b l e m s  r e q u i r e s  knowledge of the p a r a m e t e r s  behind the c e n t r a l  shock.  
At l a rge  r a t i o s  Pa/POo, when M >> 1 in f ront  of the c e n t r a l  shock,  the p r o b l e m  of d e t e r m i n i n g  the p a r a m e t e r s  
beh ind  the cen t r a l  shock can be s imp l i f i ed .  A s s u m i n g  that the flow along the je t  axis  f r o m  the nozz le  exi t  
s e c t i o n  to the c e n t r a l  shock is  o n e - d i m e n s i o n a l  and i s e n t r o p i c  and that r e l a t i o n s  de r i ve d  for a d i r e c t  
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F i g .  1 .  C o m p a r i s o n  of  c o m p u t a t i o n s  f r o m  f o r m u l a  (10) ( s o l i d  c u r v e s )  w i t h  t he  e x p e r i m e n t  ( p o i n t s ) :  a)  M a 

= 1 [ -  - - ) c a l c u l a t i o n  by  a m e t h o d  u s e d  i n  [1] ; . . . . .  ) m e t h o d  of  c h a r a c t e r i s t i c s ]  ; 1) I r e f e r s  to  

= 1 . 3 ;  2) I I  r e f e r s  to  ~r = 1 .4 ;  3) r e f e r s  to  ~ = 1 . 6 7 ;  b) M a  = 2;  1) I r e f e r s  to  ~ = 1 .3 ;  2) I I  r e f e r s  to ~4 

= 1 . 4 ;  c) 1) I r e f e r s  to  ~4 = 1 .3 ;  M a = 3 .1  a n d  3 . 1 2 ;  2) II  r e f e r s  to  ~4 = 1 . 4 ;  M a = 3 . 0  a n d  2 .8 .  

F i g .  2 .  C o m p a r i s o n o f c o m p u t a t i o n s f r o m  f o r m u l a  (10) f o r  M a = 1; ~ = 1 .4  w i t h  O w e n  a n d  T h o r n h i l l ' s  d a t a  

[3,  7] a n d  w i t h  t he  e x p e r i m e n t :  1) O w e n  a n d  T h o r n h i l l ;  a)  n = 3 . 9 2  to 4 . 5 ;  P a  <- 5 t e e h n ,  a t m ;  2) f o r m u l a  

(10);  b) n = 200  to  1000 ;  P a  ~ 50  t e c h n ,  a t m .  

F i g .  3 .  C o m p a r i s o n  o f  c o m p u t a t i o n s  f r o m  f o r m u l a s  (10) a n d  (11) ( s o l i d  c u r v e s )  a n d  f r o m  f o r m u l a  (10) 

( d a s h e d  c u r v e s )  w i t h  c o m p u t a t i o n s  by  t h e  m e t h o d  of  c h a r a c t e r i s t i c s  [2, 4]:  a) 1V[ a = 2; ~ = 1 .15 ;  d a t a  [2]: 

1) n = 56 .5 ;  a = 0~ 2) n = 56 .5 ;  c~ = 15~ b) M a = 3;  ~t = 1 .15 ;  d a t a  [2]: 3) n = 6 0 8 0 ;  o~ = 0; 4) n = 6 2 . 9 ;  

= 0; 5) Moo = 5; a = 0; c) M a = 3 .1 ;  ~ = 1 .25 ;  d a t a  [2]: 6) n = 6 2 . 9 ;  a = 0; d) M a = 4 .2 ;  ~4 = 1 .2 ;  d a t a  [4]: 
7) n = ~ o ; a  = 8 .3  ~ 

shock are valid for the central shock,'~ it can be proved that the value of M I becomes almost constant starting 

from M = 5-6 to oo. 

M 1 c a n  b e  e x p r e s s e d  t h r o u g h  M w i t h  t h e  a i d  of  t h e  r e l a t i o n  

1//2 / 2 + (• - -  l) M 2 ~ + (~ - i) 
= ~ z i  t2) 

M r =  I 2•215 - i) 2• M~ 

When M ~ ~o, we obtain at the limit 

lim M1 = - 
M- - 2~ 

In the same manner we obtain other limiting parameter  relations 

lira Pol. [ ( •  =]=-I 
M-~ P--[ L ~ J  ' 

1 

lim ?ol = [ (• + 1) 2-[ ~--~, 
M-.~ Pl L 4~ J 

lira Tol (• + 1) 2 
M - -  T1 4• 

1 ~-}-1 I 

(3) 

(4) 

(5) 

(6) 

(7) 

SStrictly speaking, the central shock is a direct shock only at the point of intersection with the jet axis, 

and is close to a direct shock at other points; the flow is subsonic at all points directly behind the shock. 
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T A B L E  1. L i m i t i n g  F low P a r a m e t e r s  behind the C e n t r a l  
Shock f o r  Some  V a l u e s  of 

M~ P02_~ 
P~ Pl 

Tol 
TI q~ . 

Ola* 

1,15 0,255 1,04 1,034 1,005 0,4 
1,2 0,2886 1,061 1,051 1,010 0,465 
1,3 0,3391 1,075 1,058 1,017 0,541 
l, 4 O, 3782 1 , 109 1,076 1 , 030 0,604 
1,67 0,4478 1,189 1,105 I ,069 0,699 

T a b l e  1 shows  n u m e r i c a l  v a l u e s  of  the  l i m i t i n g  r e l a t i o n s  fo r  s o m e  v a l u e s  of ~ = Cp/C v.  The  e x p e r i m e n t s  
showed  tha t  s t a r t i n g  wi th  n = 6 - 7 ,  the Mach  n u m b e r  M in f ron t  of the c e n t r a l  s h o c k  i s  g r e a t e r  than  4. Thus ,  
the  l i m i t i n g  r e l a t i o n s  a r e  fu l f i l l ed  wi th in  a high a c c u r a c y  for  n v a l u e s  r a n g i n g  f r o m  10 to oo. 

The s t a g n a t i o n  t e m p e r a t u r e  of  the gas  does  not change  in the p a s s a g e  th rough  the shock ,  To1 = T o. 
Consequen t l y ,  i f  T o is  known,  T 1 can  be r e a d i l y  d e t e r m i n e d  wi th  the a id  of the l i m i t i n g  r e l a t i o n .  In o r d e r  to 
d e t e r m i n e  the o t h e r  p a r a m e t e r s ,  the p r e s s u r e  behind  the c e n t r a l  shock  m u s t  be known.  

In [3], it  i s  s u g g e s t e d  tha t  the s t a t i c  p r e s s u r e  P l  beh ind  the c e n t r a l  shock  is  equa l  to the a m b i e n t  p r e s -  
s u r e  Poo. We have  c h e c k e d  th i s  h y p o t h e s i s  e x p e r i m e n t a l l y .  F o r  s m a l l  r a t i o s  Pa/P~o at  z = 1.4, i t  p r o v e d  
p o s s i b l e  to conduc t  the e x p e r i m e n t  u n d e r  s t e a d y - s t a t e  c o n d i t i o n s .  The  in f luence  of t i m e  l a g  was  thus  e l i -  
m i n a t e d ,  and P1 and Pot w e r e  m e a s u r e d  wi th  a P r a n d t l  tube and a P i to t  tube ,  r e s p e c t i v e l y .  The  m e a s u r e -  
m e n t  da ta  a r e  c o m p i l e d  in Tab le  2, f r o m  which  i t  c an  be s een  tha t  for  r a t i o s  Pa/Poo = 3 to 5, the  s t a t i c  
p r e s s u r e  beh ind  the c e n t r a l  shock  e x c e e d s  the  a m b i e n t  p r e s s u r e ,  in sp i t e  of  the r a t i o  Pot /P1  being c l o s e  
to i t s  l i m i t i n g  v a l u e .  

F o r  r a t i o s  Pa/Poo > 30, only  p u l s e d  o p e r a t i o n  was  p o s s i b l e ,  w h e r e  a l a r g e  e r r o r  a r i s e s  in  the m e a -  
s u r e m e n t  of s t a t i c  p r e s s u r e  Pt  beh ind  the s h o c k ,  owing to the  t i m e  l ag  of the m a n o m e t r i c  s y s t e m  ( c o m p o s e d  
of a P r a n d t l  tube and induc t ion  gauge)  b e c a u s e  of the s m a l l  o r i f i c e  c r o s s  s e c t i o n s  at  the  l a t e r a l  s u r f a c e  of 
the P r a n d t l  tube .  The s i t u a t i o n  is  f u r t h e r  a g g r a v a t e d  by the i n a b i l i t y  of a P r a n d t l  tube to m e a s u r e  p r e s s u r e s  
d i r e c t l y  beh ind  the s h o c k .  B e c a u s e  of  t h i s ,  we m e a s u r e d  the p r e s s u r e  P01 f r o m  which  P1 can  be c o m p u t e d  
wi th  the a id  of the l i m i t i n g  p a r a m e t e r  r e l a t i o n s .  The m e a s u r e m e n t s  ob ta ined  fo r  z = 1.3 and 1.4 a r e  c o m -  
p i l e d  in T a b l e  2. A l l  m e a s u r e m e n t s  r e f e r  to the j e t  a x i s .  

The  da t a  c o m p i l e d  in Tab le  2 r e v e a l  oa ly  a s l igh t  d i s c r e p a n c y  be tween  the p r e s s u r e s  PI and Poo for  
a r a t h e r  l a r g e  r a n g e  of Pa/Poo r a t i o s .  Th i s  v e r i f i e s  the h y p o t h e s i s  p r o p o s e d  in [3]. A s s u m i n g  tha t  the  flow* 
is  o n e - d i m e n s i o n a l  and a d i a t h e r m a l ,  we w r i t e  the e n e r g y  equa t ion  fo r  r e g i o n s  d i r e c t l y  in f ront  and behind  
the c e n t r a l  shock ,  in the f o r m  

1 w~ + • P 1 • P1 
2 •  9 2 w~+ (8) • - -  1 p~ 

By a s s u m i n g  tha t  PI/P = (~4 + 1 ) / ( z  - 1) for  M ~ oo and P1 = Poo, wi th  the  a i d  of  e l e m e n t a r y  t r a n s -  
f o r m a t i o n s  we a r r i v e  at  the e x p r e s s i o n  

l 

p~ •  1 2 
= n = - ( 9 )  

P~ 4• ( l H- - - ~ -  •  1 M 2 ) •  

Expression (9) relates the Mach number M at the jet axis in front of the central shock to the pressure ratio 

n = Pa/P~. By assuming that the Mach number distribution over the jet axis up to the central shock is 

independent of n [2, 3] and using the empirical relation (i), we obtain an expression for the Mach number 

distribution over the jet axis 

0.39 

x _ 3 , 2  { •  1 )o.a9 1 2 
d .  \ 4 •  ] I + I / M ~  o.ag~ �9 ( • M~ )~-, 

1 + ~ - -  

�9 The flow behind the central shock is assumed to be isentropic. 
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TABLE 2. M e a s u r e m e n t  R e su l t s  for  P r e s s u r e s  Pi  and P01 behind 

the Cen t r a l  Shock 

x M a Pco, m m  p. ,abs,  n=Pa 1%,,ram p,,  m m  p,/p~, 
Hg atrn P~ Hg Hg 

1,4 

1,3 

1,0 

1,55 

2,0 

6O 
2,8 40 

60 

6 
1 ,0 104 

70 
42 

1 97 154 
158 
76 

3,125 60 

759 
741 
757 
140 
274 
22 

755 
40 
8 

60 

7,3 
7,8 
7,8 

89,(} 
86,5 
25,0 
7,6 

38,5 
18,0 
43,0 
40,5 
37,5 
48,5 

6,5 
35,0 
46,0 
45,0 
47,0 
46,0 
49,0 
49,0 

3,92 
4,5 
4,37 

255,0 
127,0 
455,0 

1,95 

91,5 
22,0 
69,5 
18,9 
26,2 
22,6 

450,0 
140,0 
273,0 

lI2,0 
32,0 
30,5 
9,8 

12,4 

1250 
1180 
1215 
150,0 
304 
22 

129(} 

44 
8 

60 
67 
44 
83 

6 
100 
92 
62 

176 
195 
70 
66 

1010 
975 
837 
135,0 
274 

19,8 
1220 
39,6 
7,2 

54,0 
60,2 
39,6 
74,6 

5,4 
90,0 
83,0 
55,8 

158,0 
175,5 
63,0 
59,5 

1,35 
1,31 
1,11 
O, 963 
1,0 
0,9 
1,62 

0,99 
0,9 
0,9 
! ,005 
0,99 
1,24 

0,9 
0,865 
1,185 

1,33 
1,025 
1,11 

0,83 
0,99 

Rela t ion  (10) was  e x p e r i m e n t a l l y  checked for a i r  and ca rbon  dioxide je t s  at Mach n u m b e r s  be tween  1 and 
3.4,  the p r e s s u r e  P0i be ing m e a s u r e d  at  t h ree  po in t s  on the je t  ax i s .  The Mach n u m b e r  was d e t e r m i n e d  
f r o m  the r a t i o  P 01/P 0 on the ba s i s  of the f o r m u l a  for  the d i r e c t  shock or  f r o m  g a s d y n a m i c  t a b l e s .  The r e s u l t s  

p r e s e n t e d  in F ig .  1 c o n f i r m  r e l a t i o n  (10). 

The in f luence  of low p r e s s u r e  on the Mach n u m b e r  d i s t r i b u t i o n  ove r  the je t  axis  can be judged f rom 
Fig. 2. In this figure, the experimental points for the dense (Pa ~ 50 teehn, arm)and less dense (Pa <- 5 

teehn, arm) jets coincide essentially with the Owen-Thornhill curve, and are also close to the data computed from 

formula (i0). The large scatter of points for n = 200 to i000 may be attributed to experimental uncertainty 

in the pulse mode. 

The influence of low-pressure on the results of measurements performed with a Pitot tube could be 

neglected in our experiments, since the Reynolds number of the flow past the tube was greater than 102 

[81. 

F i g u r e  3 shows a c o m p a r i s o n  of computa t ions  f r o m  f o r m u l a  (10) with compu ta t i ons  by the m e t h o d  of 
c h a r a c t e r i s t i c s  [2, 4]. The r e s u l t s  ag r ee  bes t  for  the case  where  the r e l a t i v e  length  of the po ten t i a l  flow core  

for  p a r a l l e l  e j e c t i o n  f r o m  the n o z z l e ,  i . e . ,  the quan t i ty  

XJpot l M2a-- 1 (11) 
4 2 

is added to the right-hand side of expression (i0). 

At large distances from the nozzle exit section, this correction has almost no effect on the shape of 

the curve, while at small distances it is justified, since formula (i0) was obtained under the assumption that 
M >> 1 in front of the central shock. The solid curves in Fig. 3 were plotted with allowance for correction 

(ii). In this way, formula (i0) correlates well with data computed for small values of ~4 (~r = 1.15 to 1.25) 

[2, 4]. 

NOTATION 

n 

P 

P 
T 

n = Cp/Cv 
OL 

is the ratio of passive to active pressure; 

is the Mach number; 
is the gas pressure; 

is the gas density; 
is the absolute gas temperature; 
is the ratio of specific heats; 
is the half-apex angle of the nozzle ; 
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x 0 is  the d is tance  f rom the nozzle  exi t  sec t ion  to the cen t ra l  shock;  
w is the gas ve loc i ty ;  
da is  the d i a m e t e r  of nozzle exi t  sec t ion;  
Re is the Reynolds number .  

S u b s  

1 

oo 

0 
01 

cripts 

denotes behind the direct shock; 
denotes the nozzle exit section; 
denotes the ambient medium; 
denotes the isentropic drag; 
denotes drag behind the direct shock; 
denotes critical. 

Subscripts denote the gas parameters. 

1 .  

2. 
3. 
4. 
5. 

6. 

7 .  

8. 
9. 
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